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Abstract 

Let 7^(G) be the signed edge domination number of G. In 2006, Xu conjectured 
that: for any 2-connected graph G of order n{n > 2), 7^(G) > 1. In this article we 
show that this conjecture is not true. More precisely, we show that for any positive 
integer to, there exists an m-connected graph G such that 7s(G) < —^\V{G)\. Also 
for every two natural numbers to and n, we determine Jsi^rn,n), where Km,n is the 
complete bipartite graph with part sizes to and n. 



Introduction 

In this paper all of graphs that we consider are finite, simple and undirected. Let 
G = {V{G), E{G)) be a graph with vertex set V{G) and edge set E{G). The order 
of G denotes the number of vertices of G. For any v G ViG), d{v) is the degree of 
V and E{v) is the set of all edges incident with v. If e = nt> G E{G), then we put 
N[e] = {u'v' € E(G)\u' = u or v' = v}. Let G be a graph and / : E{G) {-1,1} 
be a function. For every vertex v, we define s„ = Yle€E{v) /(^)- denote the complete 
bipartite graph with two parts of sizes m and n, by Km,n- Also we denote the cycle of 
order n, by Gn- In [2] the signed edge domination function of graphs was introduced as 
follows: 



* Key Words: Signed edge domination number, m-connected, complete bipartite graph. 
■1^2000 Mathematics Subject Classification: 05C69, 05C78. 



1 



Let G = {V{G),E{G)) be a non-empty graph. A function / : E{G) — > {-1,1} is 
called a signed edge domination function (SEDF) of G if X]e'eAf[e] /(^') — 1' ^"-"^ every 
e G E{G). The signed edge domination number of G is defined as, 

7^(G) = min{ ^ /(e) | / is an SEDF of G}. 

Several papers have been published on lower bounds and upper bounds of the signed edge 
domination number of graphs, for instance, see [2], [3], [1], [5], [6]. In [2], Xu posed the 
following conjecture: 

For any 2-connected graph G of order n{n > 2), 7s(G) > 1. 

In the first section we give some counterexamples to this conjecture by showing that for 
any natural number m, there exists an m-connected graph G such that ^s{G) < — ^|V'(G)|. 
For any natural number k, let g{k) = min{7^(G) | = k}. In |2| the following 

problem was posed: 

Determine the exact value of g{k) for every positive integer k. In Section 1, it is shown 
that for every natural number k, k > 12, ^(A;) < —^72^- 



1. Counterexamples to a Conjecture 

In this section we present some counterexamples to a conjecture that appeared in [2]. 
We start this section by the following simple lemma and leave the proof to the reader. 

Lemma 1. Let f : E{G) — )■ { — 1, 1} he a function. Then f is an SEDF of G, if and only 
if for any edge e = uv, Su + Sy — /(e) > 1. Moreover, if f is an SEDF, then Su + Sy > 0. 

An L(^ „)-graph G is a graph of order (n + l)(mn + m + 1), whose vertices can be 
partitioned into n + 1 subsets Vi, . . . , Ki+i such that: 

(i) The induced subgraph on Vi is the complete graph Kmn+m+i- 
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(ii) The induced subgraph on Vi, 2 < i < n + 1 is the complement of Kmn+m+i- 

(iii) For every i, 2 < i < n + 1, all edges between Vi and Vi form m disjoint matchings of 
size mn + m + 1. 

(iv) There is no edge between Vi and Vj for any i,j,2<i<j<n + l. 

It is well-known that for any natural number r, the edge chromatic number of Kr^r is 
r, see Theorem 6 of [T!, p. 93]. Thus for every pair of natural numbers m and n, there is 
an L(^_„)-graph. 

Theorem 1. Let m and n be two natural numbers. Then for every L^^ ,^ygraph G, we 
have, 

, {mn + m + \){m — mn) 
IsK^) < 2 ■ 

Proof. To prove the inequality we provide an SEDF for G, say /, such that, 

E{mn + m + l){m — mn) 
/(e) = 2 • 

eeS(G) 

Define /(e) = 1, if both end points of e are contained in Vi, and /(e) = —1, otherwise. 
We find, 



E., , {mn + m + l)imn + m) , ^. 
j[e) = [mn + m + l)mn 

eeE{G) 

{mn + m + l)(m — mn) 
~ 2 ■ 

It can be easily verified that for every v £ Vi, = m, and for every v G V{G) \ Vi, 
= —m. Now, Lemma [1] yields that / is an SEDF for G. □ 



Example 1. Consider the L(2,i)-graph G shown in Figure 1. The graph clearly has perfect 
matching; and by applying Lemma [T] to the edges of this matching we may conclude that 
for every SEDF / of this graph, J2eeE{G) fi^) = \ Y.v<^v{G) «f > > hence i^G) > 0. But 
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Figure 1: A 2-connected L(2,i)-graph with 7^ < 1. 

it follows from Theorem [1] that 7^(G) < 0. Consequently, jg{G) = and the bound in 
Theorem [1] is sharp for this graph. 

In [2], Xu conjectured that for any 2-connected graph G of order n(n > 2), jg{G) > 1. 
The next theorem shows that conjecture fails. 

Theorem 2. For any natural number m, there exists an m-connected graph G such that 
7'siG) < -f\ViG)\. 

Proof. First we claim that for each pair of natural numbers m and n, every „)-graph 
is an m-connected graph. To see this we note that if one omits at most m — 1 vertices of 
an L(f„ „)-graph, then some vertices of Vi remain (because \Vi \ = mn + m + 1) and since 
the degree of each vertex of T^, 2 < i < n + 1 is m, the claim is proved. 

Now, for any natural number m, consider an 2)"gi'a'Ph G. By Theorem [H the 
following inequality holds: 

1 th 
7^(G) < -(2m + m + l)(m - 2m) = --\V{G)\. 

2 b 

□ 

Remark 1. If we repeat the previous proof for an L(„ „)-graph instead of an 2)-graph, 
then we find 7^(G) < Hence for large enough n, 7^(G) < =^\V{G)\. 
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Lemma 2. Let G be a graph with an SEDF. If G contains Gn as subgraph, then 

Sv>0. 

veViCn) 

Proof. Let V{Gn) = {vi, . . . ,Vn}- Clearly, we have, 

n 1 " 

i=l i=l 

where indices are modulo n. Thus by Lemma [H the proof is complete. □ 



Theorem 3. For every graph G of order n, 7s(G) > 

Proof. An elementary graph is a graph in which each component is a 1-regular graph 
or a 2-regular graph. Let H be an elementary subgraph of G with maximum number of 
vertices. With no loss of generality we may assume that H has no even cycle, since one 
can replace an even cycle of size 2k by k vertex-disjoint edges. Suppose a is the number 
of vertices of G which are not covered by H. We claim that for every vertex v which is 
not covered by H, d{v) < 

To see this, we note that v is adjacent to none of the other a — 1 vertices which are not 
covered by H, because otherwise we could find an elementary subgraph H' which covers 
more vertices of G, a contradiction. Also, v is adjacent to none of the vertices of an odd 
cycle of H, because if v is adjacent to a vertex u of an odd cycle C, we can decompose the set 
E{C)\J{uv} into vertex-disjoint edges which cover V^(C)|J{u}, obtaining an elementary 
subgraph H' which covers more vertices, a contradiction. If v is adjacent to both end 
points of an edge in the matching part of H, then we can add an odd cycle of length 3 to 
H, obtaining a bigger elementary subgraph, a contradiction. Thus the degree of v does 
not exceed the number of the edges in the matching part of H, so, d{v) < 

By Lemmas m and [21 X]i,gV{h) •^^ — 0- Therefore we have. 
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ee£;(G) t)Gy(//) i>Gy(G)\v(/i') veV{G)\v{H) 

^ E ^(-) ^ 



,, , a(n — a) —n 

> — > d(v) > ^ > 

2 ^ ^ ^ - 4 - 16 

v€V{G)\V{H) 



□ 

Corollary 1. If G has a spanning elementary subgraph, then 7s(G) > 0. 

Proof. In the proof of the previous theorem replace a by 0. □ 

In [2] the following problem has been posed: 

Determine the exact value of g{k) for every positive integer k. In the next theorem we 
find a lower and an upper bound for g{k), k > 12. 

Theorem 4. For every natural number k, k > 12, — jg < g{k) < — ^^^2 • 

Proof. The lower bound is an immediate consequence of Theorem [3l First we obtain 
the upper bound for k = 9m + 3. In the proof of the Theorem [H we constructed a graph 
G of order (n + l){mn + m + 1) vertices for which, 

, (mn + m + l){m — mn) 

isiQ < 2 ■ 

Assume that n = 2. We have, 

— m 

g(9m + 3) < (9m + 3). 

6 

Since k > 12, for k = 9m + 3 we find, 

g(^k) < ^ 9 ' k < 
y\ J - g - j2 
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Now, for every k, we may write k = 9m + 3 + r, where < r < 9. By adding r 
isolated vertices to the constructed graph for 9m + 3, and using the previous inequaUty 
for g{9m + 3), we have the following: 

and the proof is complete. □ 



2. Signed Edge Domination of 
Complete Bipartite Graphs 

In this section we want to obtain the signed edge domination number of complete bipartite 
graphs. 

Theorem 5. Let m and n be two natural numbers where m < n. Then the following hold: 

(i) If m and n are even, then jg{Km,n) = min(2m,n), 

(a) If m and n are odd, then ^'g{K„i-n) = min(2m — l,n), 

(in) If m is even and n is odd, then 7^(iir^^„) = min(3m, max(2m, ra + 1)), 

(iv) If m is odd and n is even, then 'yg{Km^n) = min(3m — 1, max(2m, n)). 

Proof. Let {X, Y) be two parts of the complete bipartite graph Kjn,n and X = {ui, . . . , n^n} 
and Y = {vi, . .. , Vn}- We note that if / is an SEDF for Kjn,n-, then we have, 

Yl •^^^) = Ysu = Ysy. 

(i) First we show that ^g{Kjn,n) > min(2m, n). It suffices to show that if / is an SEDF 

such that EeeEiKm,n) /(^) < ^^^"^ EeeE(/f^,„) /(e) > n. Since Eee£(K^,„) /(«) < 
2m, there exists a vertex u E X such that < 2. But s„ is even and so s„ < 0. If = 0, 
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then u is incident with n/2 edges with value 1 and n/2 edges with value —1. If f{uv) = 1, 
for some f G y, then by Lemma [H > 2. If f{uv) = —1, for some v then we find 

Sv > 0. Thus we have X]ee£;(X™,„) /(^) = ^vgy Sv > 2 (|) = n. If s„ < 0, then Su < -2. 
Now, for each v (zY,hy Lemma 1, > 2. Therefore we have the following: 

Yl -^(^^ = ^s^>2n>n. 

e(^E{Kra.n) veY 

Hence 7^(K'm.,n) > min(2m,n). 

We now show that there exist two SEDF, say / and g, such that J2eeE{Km ,i) ^^^^ ~ 
and "^eeE^Km n) ~ f define as follows: 



f{UiVj 



1 if i + J is odd 
1 if i = i 
— 1 otherwise. 



, n. 



It is clear that for every Ui, = 2. Also one can see that s^. > 0, for i = 1, 
Now, by Lemma dl we see that / is an SEDF. Therefore, 

7s(^m,n)< Yl /(e) = 5^ s« = 2m, 

e£E{K,r,,n) USX 

as required. 

Define g as follows: 

1 if z + J is odd 
g{uiVj) = { 1 if z is even and i = j modulo m 
— 1 otherwise. 

We note that if i is even, then s^. = 2; and if i is odd, then s^. = 0. Also, if i is even, 
then > 2; and if i is odd, then s^. = 0. Now, Lemma [J implies that g is an SEDF. 
Therefore, 

is{Km,n) < Y die) =Y^^^ = ~ 



n, 



i=l 



as required. 
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(ii) First we show that 'yg{Km,n) > min(2m — l,n). It is enough to show that 
if / is an SEDF with Eee^Cft-^.n) /(^) < ^hen Y.eeE(K^,^) /(e) > 2m - 1. Since 
^eeE(Km n) /(e) ^ t'^^^^ exists a vertex v such that s^, < 1. But is odd and so 



S y < -1. If S„ 



-1, then V is incident with 



m— 1 



edges with value 1 and 



m+l 



value —1. If f{uv) = 1, for some u £ X, then by Lemma 1, s„ > 3. If f{uv) 
some It G X, then similarly we have > 1- Thus we have the following: 



edges with 
= —1, for 



eeE{Km,n) ueX 



m 



1\ ^ m + 1 



2m 



If Sy < —1, then Sy < —3. Now, by Lemma 1, > 3 for each u E X. Therefore we find 
that, 

E /(^) = E ^« ^ > 2m - L 

Hence 'yg{Kjn,n) > min(2m — l,n). We now show that there are two SEDF / and g 
such that EeGi=;(K„,„) /(e) = 2m - 1 and Eeei?(i^™,„) f (e) = n. 

Define / and g as follows, 
f 

1 if z + j is odd 
jiuiVj) = {\ if i = j 
-1 otherwise. 

It is straightforward to verify that = 3, if i is even; and = 1, if i is odd. Also, 
we have, 

3 if j is even and j < m 
1 if j is odd and j <m 
1 if j is even and j > m 
— 1 if j is odd and j > m. 
Consequently, / is an SEDF, by lemma 1. Therefore, 

'm — 1 

eeE{Km,n) "6^ 



l's{Km,n) < E /(^) = E ^" = 3 (- 



m-\-l 
H = 2m - 1, 
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as required. 

Define g as follows: 



1 if i + j is odd 



g{uiVj) 



1 if j is odd and i = j modulo {m + 1) 
— 1 otherwise. 

It is not hard to see that for any u G X, s„ > 1 and for any v ^Y, Sy = 1. Therefore g 



is an SEDF and i,{Km,n) < J2eeE(Kmn) die) = J2veY 



Sv = n. 



(iii) Three cases may be considered: 

Case 1. n + 1 < 2m. We claim that ^'^[Km^n) = 2m. First we show that jg{Km,n) ^ 2m. 
By contradiction suppose that there exists an SEDF, say /, such that Y2e£E{Km n) 

/(e) < 

2m. Since m < n, we find that YleeE{K„i „) fi^) < ^'^^ Thus there exists a vertex v £ Y 
such that < 2. On the other hand since is even, < 0. If = 0, then v is incident 
with m/2 edges with value 1 and m/2 edges with value —1. If f{uv) = 1, for some u X, 
then by Lemma 1, we have, > 2. S ince Sy^ is odd we find Sy^ ^ 3. If f{uv) — — 1, for 
some ti G X, then by a similar argument one can see that > 1. Thus, 

^ /(e) = ^ s„ > 3m/2 + m/2 = 2m, 

e&E{Km,u) «eX 

a contradiction. Hence jg^Km^n) > 2m. 

If Sy < 0, then Sy < —2. By LemmalU for every u € X, > 2. Hence we obtain that, 

Yl /(e) = E ^ 2m, 

a contradiction. 

We now define an SEDF, say /, such that YleeE{K,n „) fi^) ~ -^'^ ~ i^i' • • • ' ^f^i 

X -Xi,Yi = {vi,...,vn+i} and Y2 = Y-Yi. 

2 

Now, define / as follows: 
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1 if e meets Xi and Y2 
1 if e meets X2 andYi 
/(e) = {l ife = UiVi, I <i< m/2 

1 if e = UiVj, 1 < i < m/2 and j = (i + m/2) modulo (n + l)/2 
— 1 otherwise. 

For each u E Xi, we have = 3. For every u € X2, we have = 1. Also for each 

V & Yi, we have St, > 2. For each v G Y2, Sy = 0. By Lemma 1, it is not hard to see that 
/ is an SEDF. Also we have, 

E /(e) = E«« = f^ + f = 

Case 2. 2m < n + 1 < 3m. We claim that 7s(i^m,n) = n + 1. First we show that 
'j'siKm^n) > n + 1. By contradiction assume that there exists an SEDF, /, such that 
See£;{A'„,„) /(e) <n + l. Since n + 1 < 3m, we have Eeei?{/^„,„) /(«) < 3m. Therefore 
there exists a vertex ti G X such that Su < 3. Since Su is odd, < 1. If = 1, then u is 
incident with ^^-^ edges with value 1 and ^^y^ edges with value —1. If f{uv) = 1, for some 

V £Y, then by Lemma [H Sy > 1 and since Sy is even, we have Sy > 2. If f{uv) = —1, for 
some v G y, then one can see that Sy > 0. Hence, 



which is a contradiction. 



If Su < 1, then Sy < —1- By Lemma[Tl Sy > 1, for each v £Y. Thus, Yle€E{K,n n) /(^) ~ 
J2yeY — Since the number of edges is even, "^eeEiKm „) f(^) even. Now, since 

is odd, J2e£E{K,n „) /(^) ^ n + 1, a, contradiction. Hence 7g(i^m,n) > n + 1. 



n 



We now define an SEDF, say /, such that ^eg£;(^^ ^) /(e) = n + 1. Let Xi 
{ui, . . . , n!Si},X2 = X — Xi,Yi = {vi, . . . , Vn+i } and Y2 = Y — Yi. Let us define. 
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fie) 



1 if e meets Xi and I2 

1 if e meets X2 and Yi 

1 if e = UiVj and i = j modulo y, 1 < i < 1 < j < 

— 1 otherwise. 



It is straightforward to see that for each vertex u € Xi, > 3 and for each vertex 
u G X2, Su = I- Also, for each v € Yi, = 2 and for each v G Y2, = 0. Thus we have, 

X 2(n + 1) 



By Lemma [U it can be easily seen that / is an SEDF. 

Case 3. 3m < n + 1. We claim that ^^{Km^n) = 3m. First we prove that ^'^{Km^n) ^ 3m. 
By contradiction assume that there exists an SEDF / such that ^'^{Km^n) < 3m. Hence 
there exists a vertex u (z X such that < 3. By a similar method as we saw in the proof 
of Case 2, we conclude that J2eeE{K^ /(^) ^ ^ + 1) which contradicts the inequality 
3m < n + 1. Hence jg{Km,n) > 3m. 

We now define an SEDF, say /, such that YleeE(K„i „) fi^) = 3m. Consider a partition 
of X such as Xi and X2, each of them containing m/2 vertices. Also suppose that Yi, 
Y2 and I3 is a partition of Y such that |yi| = = and lYsl = 3. We define / as 
follows: 



fie) 



-1 if e meets Xi and Yi 
-1 if e meets X2 and I2 
otherwise. 



Now, it can be easily seen that for any u G X, s„ = 3 and for any f G y, s^, > 0. By 
Lemma [H / is an SEDF. Also we have. 



fie) 



3m. 



(iv) Three cases may be considered: 
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Case 1. n < 2m. We claim that ^'g{Km,n) = 2m. First we show that 7s(i^m,n) ^ 2m. By 
contradiction suppose that / is an SEDF such that Ylie&E[Km n) f^^^ ^ Thus, there 
exists a vertex u € X such that Su < 2. Since Su is even, Su < 0. If Su = 0, then | edges 
incident with u have value 1 and other ^ edges have value —1. If f{uv) = 1, for some 
V , then by Lemma 1, s^, > 2 and since Sy is odd, we have 5-^; ^ 3. If f{uv^ — — 1, then 
we have >1. Therefore, 

^ /(e) = ^ s^, > 3n/2 + n/2 = 2n > 2m, 

ee-B(/f„,„) v&Y 

a contradiction. 

Now, assume that s„ < 0. Thus s„ < —2. By Lemma 1, s„ > 2, for any G y. 
Therefore, 

a contradiction. Hence 7g(^Cm,n) ^ 2m. 

We now define an SEDF, say /, such that Ylie&E(Kmn) •^(^) ~ ^® know that all 
edges of Km,n can be decomposed into Km,m and Kn-m,m- Note that m and n — m 
are odd and n — m < m. By Part (ii) there exists an SEDF, 5^1, for Km,m such that 
Z]eG_E(_ft'm m) S'll^) ~ ^^"^ each vertex x, = 1. Also there exists an SEDF, say 
§2, for Kn-m,m such that X]eG-B(-ft:n-m m) ^^(e) = "T- and for every vertex u G X, s„ = 1 
and for other vertex v, > 1. Now, define an SEDF, say /, for K^^n such that for each 
e G E{Km,m), fie) = 51(e) and for every e G E{Kn-m,m), fie) = 52(e). Now, for every 
u (z X, we have = 2 and for each u G 1", we have s„ > 1. By Lemma [TJ / is an SEDF 
and moreover we find, 

X] f(^)= X] 9iie)+ X fi(2(e) = m + m = 2m. 

) eG-E;(_ft'„_m,m) 

Case 2. 2m < n < 3m — 1. We claim that 7g(i^'m,n) = 'i-- First we show that jgiKm,n) ^ 
n. By contradiction assume that / is an SEDF and X^eGBC-ftTm n) -^(^^ ^ "^^^^ implies 
that there exists a vertex v (z Y such that < 1. Since is odd, we have < —1. If 
Sy = —1, then V is incident with ^^^^^^ edges with value 1 and ^^^^ edges with value —1. If 
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f{uv) = 1, for some u X, then by Lemma [T] , > 3. Now, since Su is even, Su > 4. If 
f{uv) = —1, then we conclude that Su > 2. Thus, 

4(m-l) 2(m + l) 
2^ /(e) = 2^ ^ 2 2 = 3m - 1 > n, 

a contradiction. 

If < —1, then Sv < —3. By Lemma[ll for every u € X, Su > 3. Hence we obtain, 

/(e) = gn > 3m > n. 



E 



a contradiction. Hence '^'g{Km,n) > f^- 

By a similar argument as we did in the Case 1, we may find an SEDF, say /, for /Cm,n 
such that Yl,e&E(Km „) /(e) = m + (n — m) = n, as desired. 

Case 3. 3m — 1 < n. We claim that ^'g{Km,n) = 3m — 1. First we show that jg{Km,n) ^ 
3m— 1. By contradiction assume that / is an SEDF such that '^eeE{Km n) /(e) ^ 3m— 1. 
Since 3m — 1 < n, there exists a vertex v such that s^, < 1. Now, by a similar argument 
as we did in Case 2, one can see that YleeE(K„i „) /(e) ^ 3m — 1, a contradiction. 

We now define an SEDF, say /, such that Y2eeE{K„i „) /(e) = 3m — 1. Consider a 

n± 
2 

_ 3i 

2 ' 

^ J 0+ — So,. 1, 1 V, — Sou ,,o„. ,o\ Dofi 

( 



partition of X into two subsets X\ and X2 such that = ^^^^ and IX2I = Also 
consider a partition of Y such as 11,12 and I3 such that |li| = ^"^"^^ , II2I = ^ — 2, 
|y3| = »~(3"^-i) . Let Xi = {ni,... , Um+i }, 1^ = {ui, . . . , f 3m+3 }. Dcfiue / as follows: 



1 if e meets Xi and I2 

1 if e meets X2 and 1^ 

/(e) = ■{ 1 if e meets X2 and Is 

1 e = UiVj, \<i< ^ and j G {3i - 2, 3i - 1, 3ii} 

— 1 otherwise. 

One can easily see that for any u G Xi, Su = 2, and for any u G X2, Su = 4. Also we 
have, 
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1 



G n U l2 



= < 



1 ^ G 5^3- 



Now, Lemma [U implies that / is an SEDF. 



Also, we have 



2(m + l) 4(m-l) 
2 2 



= 3m — 1. 



□ 
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